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In this study, analytical expressions are introduced to provide a better understanding of carbon
nanotubes (CNTs) curvature on the overall behavior of nanocomposites. The curviness of CNT is
modeled as the wave geometries, and the transformed physical characteristics are applied to
micromechanical framework. Since five independent elastic constants of CNTs are essential to derive
the waviness effect, atomistic molecular statics simulations with varying nanotube radii are conducted.
Influences of CNT curviness on the effective stiffness of the nanocomposites are analyzed, noting that
the curvature effect is significantly influential on the effective stiffness of the nanocomposites, and it
may improve or reduce the reinforcing effect depending on the orientation of CNTs. In addition, the
predictions are compared with experimental data of the CNT-reinforced nanocomposites to assess the
reliability of the proposed method. The developed constitutive model is expected to be used to deter-
mine the volume concentration of the reinforcing CNTs and mechanical responses of CNT-reinforced

composites under various CNT curvature,

radius,

and orientation conditions. © 2014

AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4890519]

I. INTRODUCTION

Carbon nanotubes (CNTs) have been employed as one
of the most popular reinforcements within polymeric or ce-
mentitious composites due to their superior mechanical prop-
erties including high elastic modulus and tensile strength.'?
However, although the physical characteristics of the nano-
tube are extraordinary, the CNT-reinforced nanocomposites
often display limited improvements in stiffness. Various
issues have thus been raised regarding their reinforcing effi-
ciency in association with the shape,>* the debonding dam-
age,5 © the dispersion,7 and an orientation of CNTs.?

Numerous attempts have been made in accordance with
the reinforcing effect of CNTs on the overall behavior of
nanocomposite materials. Fisher e al.® investigated the
effect of CNT waviness on the effective stiffness by employ-
ing both the finite element method (FEM) and the Mori-
Tanaka scheme.? Shao er al.* derived an approximate model
to estimate the effect of partial debonding and CNT waviness
on the composite system and concluded that the waviness of
CNTs significantly reduces the stiffening effect of CNTs.* In
addition, a micromechanical model for estimating the effec-
tive elastic moduli of CNT-reinforced composites and for
considering the waviness and random orientation of nano-
tubes was proposed by Anumandla and Gibson.® This model
was based on the traditional composite micromechanics and
showed that the reinforcing effectiveness of CNTs decreases
as the nanotube waviness increases.®

Moreover, some researchers have focused on modeling
and on predicting the behavior of the nanocomposite by con-
sidering transverse isotropic characteristics of CNTs. To
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investigate the effect of CNTs, a series of molecular dynam-
ics (MD) simulations were conducted’ and showed that
embedding the defective CNTs in polypropylene resulted in
a smaller longitudinal Youngs modulus compared to nano-
composites with pristine CNTs.” In another study by Barai
and Weng,2 which was based on the Mori-Tanaka mean field
approach, a two-scale micromechanics model was proposed
to examine the effect of a CNT stiffness condition on nano-
composites. The predicted results showed that the presence
of imperfect CNTs could severely reduce the stiffness and
yield strength of the CNT-reinforced polymeric
nanocomposite.”

In this paper, a combined molecular statics (MS) simula-
tions and micromechanics-based model for CNT-reinforced
nanocomposites is derived.'” Particularly, a constitutive
equation of CNT-reinforced composites with the effects of
curviness and an inclusion orientation is developed.'':'?
Since five independent elastic moduli of the transversely iso-
tropic CNTs are essential to derive the curvature effect,’ at-
omistic simulations with varying nanotube radii are carried
out. The predicted MS results are then applied to the devel-
oped framework.

Consequently, influences of the CNT curviness on the
effective stiffness of the nanocomposites are theoretically
examined via numerical tests. It reveals that the curvature
effect is significantly influential on the overall behavior of
the nanocomposites, and it may improve or reduce the rein-
forcing effect depending on the orientation of CNTs. The
comparative study between the developed model and experi-
mental result'® is also considered, indicating that the pro-
posed method can be utilized to predict the stiffening
capacity of CNTs under different curvature and orientation
conditions.

© 2014 AIP Publishing LLC
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Il. EFFECTS OF CURVINESS ON THE ELASTIC
PROPERTIES OF CNTs

We first consider that the CNTs have difficulty in main-
taining their straight shape when CNTs are distributed
through the matrix material, as shown in Fig. 1(a). To con-
sider the curviness effect on the physical characteristics of
CNTs, an analytical theory is adopted here.'"* As shown in
Fig. 1(b), the curviness of the ellipsoidal inclusions is char-
acterized by the waviness factor = A /L,14’15 and it can be
modeled using the mathematical descriptions of the wave
geometries as follows:'*

L
Ci(w) = ZJO TipTig Thr TsC1dx, 1)

= Aik0ijou + g (0udjr + dudi),
where C; signifies the transversely isotropic stiffness tensor
of straight CNTs and t;; is the direction cosine.'* J;x and Ji;,

can be explicitly derived after carrying out the lengthy alge-
bra, and the components are given as'’

A =I(ci — en) + o,

Az = Iy(c1y — 2¢12 + ¢ap — 4cgs) + C12,

%13 = (I + Iy)(c12 — ¢23) + 23, @)
don = Ii(c — cnr) + e,

Jos = (I + L) (e — c1a) + cio,

Jol = A2, A3 = A3, Az = A3, A3z = (33,

and
iy = I(c12 — 2 + 2¢66),
fyy =DL(cyy — 2¢12 + ¢n — 4ce6) + Coos
Bz = (It + 1) (ces — Caa) + Caas 3)
oy = Ix(c12 4 2¢66 — C11),
foy = (I} + ) (caq + ce5), Other =0,
in which
1+ 27‘[20)2 27[20)2
h=————55, h=—"—"73 (4
(1 4+4n2w?) (1 +4n2w?)
and

(b)

FIG. 1. (a) SEM image of randomly oriented and curved CNTs embedded in
the matrix material and (b) an illustrative schematic of nanotube curviness
in this study.
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Ej(r; — 1)
C11 = R
EL(I/23 — 1) -+ 2ETV12
B ELETv12
Cl2 = 2
EL — ELZ/23 — 2ETV12
= ET(—EL -+ ET + 1/122 (5)
22 — )
(va3 + 1) [EL(va3 — 1) + 2Er1;]
c - —ET (ELI/23 +ETZ/122)
23 — )
(1/23 + 1) [EL(V23 — 1) =+ 2ETV%2]
€33 = €22, Ca4 = U1, Co6 = U,

where w =A/L (see Fig. 1), the components E;, Er, ur, i,
and v, are calculated via the MS simulations (Table I) and
V3 = ET/Z,uT — 1.

The transversely isotropic stiffness tensor of straight
CNTs (C,) is characterized by five independent elastic con-
stants: longitudinal Young’s and shear modulus (E;, 1), trans-
verse Young’s and shear modulus (E7, u7), and the Poisson’s
ratio in the 1-2 direction (v/1,). Since an experimentally mea-
surement of the elastic constants would be enormously compli-
cated, the coefficients are obtained by the MS simulations.

The atomistic properties of CNTs can be ideally
described by the MS simulation, and thus the proposed
method would be useful in reflecting the physical nature of
the CNTs.® The MS simulations are carried out by using
Large-scale Atomistic Modeling Massively Parallelized
Simulation (LAMMPS) code.'® Four different zigzag types
of CNTs are considered for the MS simulations with respect
to the CNT chiral vector from (10,0) to (25,0), as shown in
Fig. 2. The adaptive intermolecular reactive empirical bond
order (AIREBO) potential'”'® is adopted here to describe
the interatomic potential of carbon, and the effective wall
thickness of CNTs is set to = 0.334nm."”

The details of calculating the five independent elastic
constants of the CNTs are addressed as follows. E; and v,
are estimated from the uniaxial tension simulation along the
11 direction.” It is noted that all tensile deformations are per-
formed with a small amount of strain (—0.2%~0.2%) to con-
sider only elastic deformation region. Then, the deformation
energy density from the results is fit to a second-order func-
tion of the engineering longitudinal strain.’ E; is obtained
from the relations between the deformation energy density
and the transverse strain. y; and py are obtained from a tor-
sional deformation along the 11 direction and shear along

TABLE I. Predicted elastic constants of CNT with varying chiralities of the
nanotube obtained by MS simulations (R: radius, E;: longitudinal Young’s
modulus, E7: transverse Young’s modulus, £ : longitudinal shear modulus,
7 transverse shear modulus, and v,: the Poisson’s ratio in the 1-2
direction).

Elastic constants (10,0) (15,0) (20,0) (25,0)
R (nm) 0.39 0.59 0.78 0.98
E; (GPa) 1049.70 975.65 928.37 899.59
Er (GPa) 185.04 268.86 354.06 439.86
1. (GPa) 353.41 306.30 292.48 290.02
ur (GPa) 158.74 151.52 148.86 147.57
Vi 0.17 0.25 0.29 0.31
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FIG. 2. Atomistic structures of CNTs with varying chiral vector: (a) (10, 0),
(b) (15, 0), (c) (20, 0), and (d) (25, 0).

the two transverse directions, respectively.” The obtained
elastic constants of CNTs by MS simulations are summar-
ized in Fig. 3 and Table L.

lll. EFFECTIVE STIFFNESS TENSOR OF
NANOCOMPOSITES CONTAINING
ALIGNED AND 3D RANDOMLY ORIENTED CNTs

The effective elastic modulus of nanocomposites com-
posed of a matrix material (phase 0) and CNTs aligned in X,
axis direction (phase 1) can be estimated through a microme-
chanical approach for homogenization.’**' By accounting
for the ensemble volume averaged method, the effective
elasticity tensor for two-phase composites can be determined
as follows:***

- $1(A1 +8) "
c =Gty NSyl o
with
A1 = [(:1(60) — C()]il 'C()7 (7)

where Cg and I are the stiffness tensor of the matrix material
and the fourth-rank identical tensor, respectively. In addition,
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FIG. 3. The predicted (a) elastic constants and (b) the Poisson’s ratio of
CNTs from MS simulations.
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¢, is the volume fraction of CNTs and S signifies Eshelby’s
tensor, which is given as*

551? 0O+

1
o ; (8)
4(1 — vp) [Sﬁ) (5ik5ﬂ + 5iléﬂ<)

Siju =

where the parameters S;}g and Sg) are listed in Appendix A.

The stiffness tensor of CNTs with curvature effects Cl(w)
can be obtained by combining Eq. (1) and MS simulation
results.””

Hence, the effective elastic constitutive tensor of the
curved and aligned CNTs-reinforced nanocomposites ren-
dered by Eq. (6) is

C* = C3Y 500 + C) (810j1 + Sudi), ®)

with

1 1 " 3
CE}() =21 (yg,)( + 5) + 2#0){511() + AOZ;((QlI)(,
0=l

1
Cg) =2y (XS) + §>7 (10)

where g and pp signify the Lamé constants of the matrix
material, J;; denotes the Kronecker delta, and the parameters
75}3 and Xﬁ are listed in Appendix B."*

Furthermore, the 3D randomly orientated distribution of
CNTs can be described as>*

nnopm/2 .,
J J J C (¢, 7, ) sin ydedydys
—T 0 0 , (11)

n (norm/2
J JJ sin pd¢dydyr

—nJ0 JO

(€)=

where (-) denotes the 3D orientation average process> and
C' = ‘c,-,,‘ch‘ckrrlsc;qm. After lengthy but straightforward
algebra, the effective elastic tensor of the curved and 3D ran-

domly  orientated  CNTs-reinforced  nanocomposites
becomes>*
(C*) = (C1R) 050 + (C7 ) (0udyy + dudy),  (12)
1K /CijCkl 1J ikCjl ilVjk )
with
my _ L |c +act) +ach) +6cy)
<C1K> - E (2) (2) (2) ) (13)
+2C7 =40 +2Cy
o _L[cl e ],
< IJ> (2) (2) 2 | ( )
15| +2C17 +6C1; +7C3;

where C},l() and Cﬁ) can be derived from Eq. (10).

IV. NUMERICAL SIMULATIONS AND EXPERIMENTAL
COMPARISONS

A series of numerical simulations have been performed to
explore the effects of the curvature on the CNTs-reinforced
nanocomposites. We consider the CNT/propylene composites
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FIG. 4. The elastic properties of the aligned CNT-reinforced nanocompo-
sites with respect to the CNT curvature.

for the numerical tests, and the constituent properties of
the materials are as follows: Ey=124GPa and vy=041,
where E, and v denote the Young’s modulus and the Poisson’s
ratio of the matrix, respectively.'” Based on the MS
simulations, the transversely isotopic elastic constants of CNTs
can be defined as exponential function of the nanotube radius
given by FE; =1150.7exp(—0.26R), E;=108.5exp(1.47R),
= 387.2exp(—0.33R), ur=164.7exp(—0.12R), and v,
=0.126exp(R). The lower indexes L and T represent the longitu-
dinal and transverse directions, respectively.

Fig. 4 shows the elastic constants of the aligned CNTs-
reinforced propylene composites with respect to the wavi-
ness factor (w = A/L). In this simulation, the length, the
radius, and the volume fraction of the CNTs are assumed as
L=60um, R=12.5nm, and ¢, =5%."3 As shown in Fig. 4,
the longitudinal Young’s modulus of the nanocomposites
decreases as the @ increases, while the transverse Young’s
modulus becomes stiffer as o increases for aligned orienta-
tion case. The curviness effects in the transverse direction,
however, begin to diminish when the m exceeds 0.2.

The simulation results imply that if the orientation and
the curviness of CNTs can be controllable, it would help to
design better nanocomposites. When the nanocomposite con-
tains aligned CNTs, the reinforcement effect is usually pro-
nounced in the longitudinal direction. The present
predictions, however, indicate that the stiffness in the trans-
verse direction of nanocomposites can be improved by curv-
ing CNTs. To consider the correlation between the waviness
factor ® and the overall stiffness of the nanocomposites, it is
conjectured that «=0.1 would be an optimized value to

60 12
. 3D

50 Aligned random 1 10
11 22=33
— 0 — [=tom

40 8
_— - L=50 pm

30 \ —_—— —== —— [=100pm 6

20 \4

oriented CNT-reinforced
composites (GPa)

o
o

Elastic constants of aligned CNT-
reinforced composites (GPa)
Elastic constants of 3D randomly

0.2 0.4 0.6 0.8 1
w

o

FIG. 5. The curvature effects of the aligned and 3D randomly oriented
CNTs on the effective elastic constants of the nanocomposites.
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S D — —_— —— w=0.0 (Straight CNTs)
.g 9 —_—— —_—— — — w=0.5 (Moderately waved CNTs)
£ w=1.0 (Severely waved CNTs)
n
2]
c
3
>
[}
2
=
3
=
w 0 .
0 1 2 3 4 5

Volume fraction of CNTs (%)

FIG. 6. The influences of the curvature and the length of CNTs on the effec-
tive Young’s modulus of nanocomposites reinforced by 3D randomly ori-
ented nanotubes.

achieve an enhanced transverse Young’s modulus with a rel-
atively small stiffness reduction in the longitudinal direction.
Hence, » =0.1 is assumed to be the optimization line in the
present study, and the line is plotted in Fig. 4.

The curvature effects of the aligned and 3D randomly
oriented CNTs on the effective elastic constants of the nano-
composites are plotted in Fig. 5. It shows that a smaller rein-
forcing effect is observed as the nanotube length decreases,
whereas a stronger stiffening effect is predicted for the
lengthier CNTs. It is also noted that the curvature effect
becomes more pronounced as the length of the CNTs
increases; however, considerably less influences are
observed in the case of the transverse Young’s modulus.

Fig. 6 displays the prediction results from the developed
model with respect to the content variations of CNTs. In the
present study, it is assumed that w = 0.0, 0.5, and 1.0 signify
the straight, the moderately waved, and the severely curved
CNTs, respectively. The CNT lengths used in the numerical
simulations are L= 10, 50, and 100 um, respectively. It is
seen from Fig. 6 that the nanotube length significantly affects
the overall stiffness of the nanocomposites, and the curvature
effect becomes more pronounced as the length of the CNTs
increases. Based on the simulation results, a stronger curva-
ture effect of CNTs is noted for the lengthier CNTs.

In addition, we compared the present predictions with the
available experimental data'? to verify the predictive capabil-
ity of the proposed model. Andrews ez al."* conducted the ex-
perimental tests to characterize the effective Young’s modulus
of the nanocomposites for different volume fraction of the
CNTs. The 3D randomly oriented CNT-reinforced propylene
composite was experimentally investigated by Andrews
et al.,"* and the reported material properties of the matrix and
the CNT are identical to the previously utilized values in nu-
merical tests. Note that the average value of the CNT lengths
reported in Andrews et al."* (20-100m) is utilized here for
experimental comparisons as: L=60um."”> It should be
emphasized that the only fitted model parameter to the experi-
ment is the waviness factor, . Three different waviness fac-
tors (w =0.0, 0.5, and 1.0) are, therefore, considered.

Fig. 7 shows that neglecting the curvature properties of
the CNTs can cause an overestimation of the nanocomposite
stiffness. However, the prediction that considers the curvi-
ness mechanisms leads to a reduction in the stiffening effect
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FIG. 7. The comparisons between the experimental data'® and the present
predictions for various CNT contents.

of the CNTs and results in an agreement between the experi-
mental and theoretical results. The comparative agreement
may demonstrate the predictive capacity of the proposed
framework for the CNTs-reinforced composite systems.

V. CONCLUSIONS

In this work, the effects of the curvature and orientation
of the CNTs are investigated theoretically using MS simula-
tions and micromechanical approaches. Numerous paramet-
ric studies and experimental comparison are performed, and
the important observations from the results are highlighted
as follows:

(1) The MS simulations are conducted to calculate the trans-
versely isotropic elastic constants of CNTs, resulting that
the mechanical properties of CNTs are fairly dependent
on the nanotube radius.

(2) The transverse Young’s modulus of aligned CNTs-
reinforced composites can be improved by curving
CNTs; however, the curved CNTs exert a weakening
effect to the longitudinal Young’s modulus for nano-
composites containing aligned CNTs. It implies that
if the orientation and the curviness of CNTs can be
controllable, it would help to design better
nanocomposites.

(3) For the nanocomposites reinforced by 3D randomly ori-
ented CNTs, the effective stiffness of the composites
decreases as the curviness increases. In addition, it is
observed that the curvature effect is more influential as
the nanotube length increases.

(4) The comparisons between the experimental results and
the present predictions are included, and their agreement
shows the predictive capability of the developed model.

The obtained findings indicate that the CNTs can pro-
vide an adequate reinforcement of the composites, and we
expect that the proposed model will play a role in predicting
the stiffening capacity of CNTs under various curvature and
orientation cases.
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APPENDIX A: PARAMETERS OF ESHELBY’S TENSOR

The parameters S;}g and Sﬁ) can be expressed as™’

2vp — Do 1 1
S(lll)_27( 0 ) +_ 1_— 2 ’
I +a 3 (1+a)
2 1-2
B I (0
(1+a) %41
4 1 1-2
5(113):&7 Sgll)zz 2 - ’
1+« (1+a) o+ 1
2up—1 1 2 4
|
I+oa 3 (14 ) 1+ o

Sy =Sy =8y =0,

(A1)
and
1-2 1 1
e
1+ 3 (1+a)
$P = 2](1 - vp) - —
. (o + 1)
2(1 — 2u)at
2 0 2
L L )
1-2 1 2 2(1 —
s 2|1 =20 21— b sy 20,
I+o 3 (1+0a) l+a
s, 52 -5, 58 0
(A2)

where o =R/L (see, Fig. 1) and v is the Poissons ratio of
the matrix.

APPENDIX B: COMPONENTS OF CONSTITUTIVE
STIFFENS TENSOR FOR NANOCOMPOSITES !V
AND 72 IN EQ. (10).

1 1) A,(2 2)4,(1 3 1 1
11K = 2BIRNG + 2B N + > BN,

(2) (2)77(2) (2)A7(2) (B)
tr =By’ Niy’ + By Ny’
in which " QO o |
NK == M= (B2)
and
o] [MY vy N Ny
Q| =| N3 NN NG
ol | w0 e e
Ny
NI, (B3)
NS
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with in which
—b.T ¢
3 1) p2 2) (1 3 D p (1) _ —¢ Tk 2) _ 91 B
N = —2SiKXB& —2SiPBI — >, Sik i .y K= BT (B3)
NG _ L2500 B9
=5 IR with
|
1 2 1 1 -1 1
Ty AV 4247 Ay Ay Ay
Tn | = ALY AL +2A8) AY) A (B6)
1 1 1 2 1
Tns /\53) A§3> Ag3) + 2Ag3> A}3)
in which
3 4 3 3
AR =20 + 2200 + 20 (D AR + S,
2 4 2
AR = —Yue/2(—ttg + i)},
4 -
Ay = 1/{8(=po + )},
with
~ B ~ A ~ -1 ~
Y =40 — 21y + A1+ 20y, —/0 + A2 —/0 + 431 —/0 +An
Yp | = —Jo + 412 —Ao — 2o + 422 + 20y, —lo+ 23 —lo+/in |, (BS)
Y3 —20 + 213 —o + A2 —0 — 2y + A3z + 21z —Jo + A3

where Ay and pi are the Lamé constants of the matrix mate-

rial, ¢, is the volume fraction of the CNTs, and 55}2 and Sﬁ)

are the parameters of Eshelby’s tensor,>® which are listed in
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