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a b s t r a c t

In random-chopped fiber-reinforced polymer (FRP) composites used as a retrofit material, a high volume
fraction of voids is inevitable due to the manufacturing characteristics. In this paper, the mechanical char-
acteristics and strengthening effectiveness of random-chopped FRP composites containing air porosity
are investigated through experiments and numerical analysis. Coupon-shaped specimens with various
material compositions were manufactured to examine the uniaxial tensile performance, and the air voids
in the composites were measured by a microscope camera. In order to predict the overall performance of
the composites, a micromechanical formulation that accounts for porosity was newly developed. The
derived model was incorporated into a finite element (FE) code, and the model parameters were esti-
mated by comparing uniaxial tensile test results for various systems of random-chopped FRP composites.
In addition, concrete beams strengthened with the composites were produced to evaluate their load-car-
rying capacity. The FE predictions of the composite structures were then compared with experimental
data to verify the predictive capability of the proposed numerical framework.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Composites are artificial multi-phase systems with enhanced
properties such as high levels of strength and rigidity and good
thermal properties [1–4]. Fiber-reinforced polymer (FRP) compos-
ites are a broad category of composite materials that are made
from an environmentally resistant polymer resin matrix and stiff
reinforcing fibers [5–8]. Recently, in the engineering field, require-
ments for reliable rehabilitation strategies for existing structures
have increased due to environmental considerations and structural
deterioration [9]. The conventional retrofitting and rehabilitation
methods accompany several drawbacks, including difficulties re-
lated to the handling of heavy materials, the deterioration of
bonds, and corrosion [10]. In light of these problems, 2D randomly
oriented chopped fiber-reinforced composites manufactured by a
spray lay-up process are being considered as a candidate retrofit
material on the basis of their competitive advantages, including
low cost, versatility, and easy applicability [11,12].

The application of random-chopped sprayed FRP composites,
however, is impeded by the presence of voids, which are primarily
formed by entrapped air in the composites and various volatile
substances dissolved in the resin matrix [13–15]. Inadequate cur-
ing temperatures and processes are also responsible for the forma-
tion of voids [16]. For the commercial manufacturing processes of
random-chopped FRP composites, the process pressure and tem-
perature of injection and compression molding are as follows:
75–150 MPa and 140 �C for injection molding and 5–15 MPa and
130–150 �C for compression molding processes [17]. Regarding
other parameters, random-chopped FRP composites as a retrofit
material are manufactured under field application conditions such
as very low compaction pressure by manual roll-out work and
ambient curing temperature in air [18]. The presence of air voids
in random chopped FRP composites is inevitable due to the afore-
mentioned application conditions [17]. To reliably and accurately
predict the behavior and performance of the retrofit material, air
voids in the composites should be considered.

In this paper, the mechanical characteristics and strengthening
effectiveness of the random chopped fiber-reinforced polymer
(FRP) composites are investigated. First, FRP composites with var-
ious lengths and volume fractions of random-chopped fibers were
manufactured by a spray lay-up process, and they were produced
as coupon-shaped specimens for uniaxial tensile evaluations. The
porosity contents in the composites were evaluated by a micro-
scope image analysis, and measurements were applied to the
proposed model for a more accurate estimation. In addition, a
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Table 2
Measured ultimate stress and strain of coupon specimens.

Specimen Strain (%) Ultimate stress (MPa)

C-30L-10P
Average 4.11 28.50

C-30L-25P
Average 4.75 33.07

C-60L-25P
Average 2.99 36.36
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micromechanical formulation that accounts for the formation of air
voids and progressive damage was derived. The present microme-
chanics-based model was implemented into a finite element (FE)
code to estimate the damage parameters of the composites. Based
on the proposed model, a series of numerical simulations were car-
ried out to assess the influence of damage parameters and air voids
on the overall behavior of the composites. Finally, the FRP compos-
ites were attached to the bottom of a reinforced concrete (RC)
beam, and a four-point loading test was then carried out. The re-
sults obtained by means of micromechanical modeling and FE
implementation were compared to experimental data obtained
from RC beams strengthened with the random-chopped FRP
composites.
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Fig. 1. (a) Scheme of the microscope image analysis (the cross-section of air voids
and chopped fibers) and (b) the measured void contents of each specimen.
2. Material properties of random-chopped FRP composites

2.1. Materials and specimens

The composite used in this study consists of 2D randomly ori-
ented chopped E-glass fibers in an epoxy resin matrix [19]. The
elastic properties of E-glass fibers and epoxy resin are
E0 = 1.3 GPa, v0 = 0.3; E1 = 72.5 GPa, v1 = 0.2, where Eq and vq

(q = 0, 1) denote the Young’s modulus and the Poisson’s ratio of
the epoxy matrix and chopped fibers, as listed in Table 1.

The random-chopped FRP composite was fabricated by follow-
ing the multi-spray lay-up process and more details about this pro-
cess can be found in [20]. Key variables are the bundle fiber lengths
(30 and 60 mm) and the volume fractions of the fibers (10% and
25% in volume). The specimens are classified as follow: C-30L-
10V, C-30L-25V, and C-60L-25V, where ‘C’, ‘L’ and ‘V’ denote the
coupon-shaped specimen, length of the fiber and the volume frac-
tion of fibers, respectively. The fabricated composites were cured
for 2 weeks under atmospheric pressure condition and a normal
ambient curing temperature of 23 �C. The manufactured compos-
ites were then cut into coupon shaped specimens with geometry
Type 3 in accordance with ASTM D638 [21].

2.2. Testing procedures and results

To evaluate the mechanical properties of the random-chopped
FRP composite containing air voids, a series of tensile tests were
carried out in accordance with ASTM D 638 [21]. The tensile
strength tests were conducted using 100 kN capacity load cell con-
nected to INSTRON 4482 machine to measure the applied loads
and strain values. Details of test methodology and relevant appara-
tus can be found in ASTM D 638 [21]. In addition, the results of ten-
sile experiments on the composites are given in Table 2.

The air voids in composites was also experimentally measured
by a microscope image program (MicroCapture Software) as shown
in Fig. 1(a). Before measuring the air voids, polishing was progres-
sively conducted with No. 400, 600, 1000, and 1200 abrasive sand-
paper on a composite surface to ensure a consistent quality of the
surface condition, as recommended by [22]. Three microscope
images of each specimen were taken at a side surface within the
gauge length in the longitudinal direction using a microscope cam-
era (UC-CAM 220B). From microscope images taken under magni-
fication of �195, three different phases composed of the matrix,
Table 1
The elastic properties of E-glass fiber and epoxy resin.

Material Modulus of elasticity (GPa) Poisson’s ratio

E-glass 7.25 0.2
Epoxy resin 1.30 0.3
voids, and chopped glass fibers were observed. The void phase
has an approximately spherical shape with various diameters,
while the chopped glass fibers have various elliptical shapes in
the matrix, as shown in Fig. 1(a). To measure the void contents
in the composites specimens, the statistical void percentage in
the microscope images was taken as equal to the volume percent-
age of the voids [11,23]. With respect to the C-30L-10V, C-30L-25V,
and C-60L-25V specimens, the volume fraction of the void phase
was measured as: 10.09%, 10.36%, and 10.73%, respectively, as
shown in Fig. 1 and Table 3.
Table 3
Statistical results of measured volume fraction of voids for each specimen.

Specimen Average (%) Standard deviation Coefficient of variation (%)

C-30L-10P 10.09 0.88 8.74
C-30L-25P 10.36 0.52 5.01
C-60L-25P 10.73 0.25 2.34
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Fig. 2. (a) The FE model of coupon-shaped specimen and (b) the representative
von-Mises stress distribution of the random-chopped FRP composites.
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3. Modeling of random-chopped fiber-reinforced polymer
composites

3.1. Micromechanical constitutive equation considering voids

Random-chopped FRP composites are assumed to be comprised
of a polymer matrix (phase 0), discontinuous fibers with different
levels of damage (phases 1, 2, 3, and 4). In addition, for a more real-
istic estimation of the random-chopped FRP composites, spherical
voids (phase 5), which are uniformly dispersed in the matrix, are
additionally considered in the present study. The effective stiffness
tensor C⁄ of the composites containing unidirectionally aligned fi-
bers can then be derived as follows [24,25]:

C� ¼ C0 � Iþ
X5

q¼1

/qðAq þ SqÞ � I� /qSq � ðAq þ SqÞ�1
h i�1

� �" #
ð1Þ

with

Aq ¼ ðCq þ C0Þ � C0 ð2Þ

Here, I is the fourth-rank identity tensor, Cq and /q are the elasticity
tensor and volume fraction of the q-phase, respectively [26,27]. Sq is
the Eshelby’s tensor of the q-phase [28], and the components of sec-
ond-rank Eshelby’s tensors S1,. . .,5 can be found in [29]. With the
help of the Eshelby’s tensor, the effective elasticity tensor C⁄ for
the six-phase composites containing unidirectionally aligned fibers
can be written as

C� ¼ Cð1ÞIK dijdkl þ Cð2ÞIJ ðdikdjl þ dildjkÞ ð3Þ

in which

Cð1ÞIK ¼ 2k0vð2ÞKK þ 2l0v
ð1Þ
IK þ k0

X3

n¼1

vð1ÞnK ; Cð2ÞIJ ¼ 2l0v
ð2Þ
IJ ð4Þ

where k0;l0 are the Láme constants of the matrix, and the compo-
nents vð1ÞIK and vð2ÞIJ are given in Appendix A. In order to obtain an
effective constitutive equation of the random-chopped FRP compos-
ites, an effective elasticity tensor C⁄ containing unidirectionally
aligned fibers in Eq. (3) should be applied to the average process
over all orientations in the 1–2 plane as [30,31]

hMi ¼ 1
p

Z p

0
cipciqckrclsMijkldh ð5Þ

In this equation, h�i signifies the 2D orientational average process and
cip denotes the direction cosines [31]. According to the orientational
average procedure, the overall stiffness tensor of the random-chopped
FRP composites assumed as 2D randomly oriented discontinuous fi-
ber-reinforced composites with spherical voids can be obtained as

C� ¼ bC ð1ÞIK dijdkl þ bC ð2ÞIJ ðdikdjl þ dildjkÞ ð6Þ

where the second-rank tensors bC ð1ÞIK and bC ð2ÞIJ are given in Appendix
B.

Furthermore, the damage mechanism proposed by [32] is
adopted in the present study. The multi-level damage model is ex-
pressed as the current volume fraction of fibers in the q-phase in
the following probability function, as in several earlier studies
[29,33]:

/3 ¼ �/3 � /4; /2 ¼ �/2 � �/3; /1 ¼ /� �/2 ð7Þ

with

�/2 ¼ / 1� exp �
�rf

S0

� �M
( )" #

; �/3 ¼ �/2 1� exp �
�rf

S0

� �M
( )" #

;

�/4 ¼ �/3 1� exp �
�rf

S0

� �M
( )" #

ð8Þ
Here, / and �rf are the original volume fraction and the averaged
internal stress of the fiber; S0 and M are the model parameters.
Based on the averaged internal stress of the aligned fiber �rf pro-
posed by [34], we adopt a 2D randomly oriented averaged internal
stress of reinforcements h�rf i, as follows [34]:

h�rf i ¼ C1 � I� S1 � ðA1 þ S1Þ�1
n o

� I�
X5

q¼1

/qSqðAq þ SqÞ�1

( )�1
24 35 :

�e � bU ð1ÞIK dijdkl þ bU ð2ÞIJ ðdikdjl þ dildjkÞ
h i

: �e ð9Þ

where the second-rank tensors bU ð1ÞIK and bU ð2ÞIJ are given in Appendix C.

3.2. FE analysis for evaluating the damage parameters

A FE model of coupon-shaped specimen was created (Fig. 2.) to
determine the model parameters of damage (S0 and M) by compar-
ing predicted uniaxial tensile responses and experimental results
(CL-30L-10V, CL-30L-25V, CL-60L-25V). The proposed microme-
chanical model was implemented into the FE code ABAQUS Stan-
dard Version 6.5 via its user subroutine UMAT [35,36]. The
following constituent properties were adopted: E0 = 1.3 GPa,
v0 = 0.3; E1 = 72.5 GPa, v1 = 0.2, where Eq and vq (q = 0, 1) denote
the Young’s modulus and the Poisson’s ratio of the epoxy matrix
and chopped fibers. The volume fractions of the air void were
determined in accordance with the experimentally obtained values
(cf. Fig. 1).

The aspect ratio of discontinuous fibers (c) is determined as
follows:

c ¼ lf

dbundle
ð10Þ

where dbundle is the effective diameter of bundle fibers, and is calcu-
lated in accordance with the simple model proposed by [37], de-
noted as

dbundle ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðdfilamentÞ2=/filament

q
ð11Þ

where N is number filament of glass fibers, dfilament is diameter of
the single filament that is measured as 11 lm, and /filament is the
volume fraction of filaments within a fiber bundle which is assumed
to be 0.6, as recommended by [37]. The effective diameter and



γ =2 

γ =20 

γ =100 

=10 % 

=20 % 

=30 % 

0

20

40

60

80

100

120

0 0.01 0.02 0.03 0.04

St
re

ss
[σ

11
]  

(M
Pa

)

Strain [ε11]

0

20

40

60

80

100

120

0 0.01 0.02 0.03 0.04

St
re

ss
[σ

11
]  

(M
Pa

)

Strain [ε11]

(a)

(b)

Fig. 4. The predicted stress–strain curves of composites with various aspect ratio
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aspect ratio c = (l/dbundle) of the glass fibers with respect to fiber
length are summarized in Table 4.

A series of numerical test results are briefly presented to eluci-
date the proposed formulation. The focus of the numerical test is
on uniaxial tension in the longitudinal direction with different
model constants, such as damage parameters (S0 and M) and air
voids (/5). First, a parametric analysis of the S0 and M were exam-
ined, as shown in Fig. 3(a). The stress–strain response of the dis-
continuous fiber-reinforced composites becomes stiffer as the
damage parameter S0 increases, while a lower effective stiffness
of the composites was observed as the M value increases. It de-
notes that the interfacial damage gradually occurs earlier as S0 de-
creases and M increases [38,39]. Furthermore, to examine the
effect of air voids on the composites, the predicted Young’s modu-
lus and the corresponding stress–strain curves with different con-
tents of air voids are illustrated in Fig. 3(b). Increase in the volume
fraction of air voids weakens the stiffness of the composites and
therefore lowers the stress–strain behavior of the composites
[40]. Furthermore, the effects of aspect ratio and volume fraction
of fibers are illustrated in Fig. 4. It is shown in Figs. 4(a) and (b) that
higher aspect ratio c and volume fraction of short fibers / lead to a
stiffer stress–strain response. In addition, the predicted damage
evolution curves of the composites corresponding to Fig. 4 are
Table 4
The effective diameter of bundle fiber and bundle fiber aspect ratio.

Fiber length
(mm)

Number filament
of glass fibers, N

The diameter of bundle
fiber (mm), dbundle

Bundle fiber
aspect ratio, c

30 119 0.155 194
60 119 0.155 387
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Fig. 3. The numerical simulation results (S0 = 150 MPa, M = 0.5, lf = 60 mm, / = 10 %,
/5 = 10%): (a) the predicted stress–strain responses of composites with varying
damage parameters and (b) the predicted Young’s modulus of composites with
respect to void contents and the corresponding stress–strain curves.

values (a), volume fraction of the fiber reinforcements (b).
provided in Fig. 5. It is seen from Fig. 5(a) and (b) that the aspect
ratio and the volume fraction of fibers have a considerable influ-
ence on the damage evolution, and the chopped fibers evolve more
rapidly to damage fibers as the aspect ratio increases and the vol-
ume fraction of fibers decreases.

The damage parameters are initially estimated to be S0 =
250 MPa and M = 0.5 via a curve fitting with the experimentally
measured stress–strain response of coupon-shaped specimens
(CL-30L-10V). The same values as the established damage param-
eters (S0 = 250 MPa and M = 0.5) are then applied to CL-30L-25V
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Fig. 5. The predicted damage evolution curves of the composites corresponding to
Fig. 4.
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Table 5
Measured deflection and ultimate load of strengthened RC beams.

Specimen dult (mm) Pult (kN)

S-30L-10V 4.73 31.53
3.53 26.00
4.07 27.97

Average 4.11 28.50

S-30L-25V 5.95 37.94
5.32 29.53
2.98 31.73

Average 4.75 33.07

S-60L-25V 3.40 40.10
3.17 36.96
2.40 32.02

Average 2.99 36.36
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and CL-60L-25V cases. Fig. 6(a–c) shows the comparisons between
the predicted stress–strain curves of the random-chopped FRP
composites under uniaxial tension and the experimental results
of coupon shaped specimens with different lengths and volume
fractions of fibers (C-30L-10V, C-30L-25V, and C-60L-25V). It can
be observed in Fig. 6 that the predicted mechanical behaviors of
the composites were in good agreement with the experimental
data. It should be noted that the same values of damage parame-
ters were applied to all cases regardless of the constituent proper-
ties for the comparison, and this was also done to verify the
present framework and to ensure the predictive capability of the
proposed model. The predicted progression of volume fractions
of perfectly bonded fibers and different level of damaged fibers
corresponding to Fig. 6 is shown in Fig. 7.

4. Experiments and FE analysis on strengthening performance
of random-chopped FRP composites

The strengthening performance is also predicted by implement-
ing the proposed model into a finite element (FE) code. A compar-
ative study between the present experimental data and the
predicted results is conducted to assess the predictive capability
of the analysis tool using the proposed micromechanics-based
damage model for RC beams strengthened with the random-
chopped FRP composite.

4.1. Strengthening performance: Experiments

A series of static four-point bending tests were conducted on
rectangular specimens to investigate the strengthening perfor-
mance of reinforced concrete specimens strengthened with the
random-chopped FRP composite. A total of 9 RC beams with
cross-sections of 100 mm � 100 mm were produced over an effec-
tive span of 457 mm [41]. The random-chopped FRP composite
consisting of various constituents (S-30L-10V, S-30L-25V, and S-
60L-25V) was applied on RC specimens up to target thicknesses
of 4 mm by the multi-spray lay-up process. Here, ‘S’, ‘L’, and ‘V’ de-
note the strengthened RC beam, the length of the fiber, and the vol-
ume fraction of fibers, respectively. The test results of the
experimental data are summarized in Table 5.

4.2. FE modeling and experimental comparisons

The strengthening performance of the specimens (S-30L-10V,
S-30L-25V, S-60L-25V) was predicted by implementing the
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developed model into the FE code ABAQUS. Since the fundamental
behavior of concrete material cannot be stimulated through the
present micromechanical model, the smeared crack approach
[35] was used to analyze the plain concrete. The material proper-
ties of concrete were sourced from [37], and the concrete model
parameters were fitted to the experimentally measured load–dis-
placement curves of the plain concrete (control beam). The Young’s
modulus and the Poisson’s ratio of the steel rebar are 200 GPa and
0.3, respectively.

Fig. 8(a) illustrates a FE mesh of the specimens, RC beam con-
sisting of 3D solid elements (C3D8R) and truss bar elements
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Fig. 9. The comparisons of load–displacement curves between the present predic-
tion and the experimental data of (a) control beam, (b) S-30L-10V, (c) S-30L-25V
and (d) S-60L-25 V.
(T3D2) was formulated as the control beam. In addition, the
strengthened RC beam with the random-chopped FRP was mod-
eled, where the overlaid 3D solid elements on the bottom of the
control beam represents the random-chopped FRP. For a less
expensive calculation, the FE meshes in the analysis were modeled
as a half of the specimen. The representative deformed shape and
von-Misses effective stress of control and RC beam strengthened
by the composites during the four-point loading are displayed in
Fig. 8(b).

The comparisons between the predictions based on the pro-
posed model and the RC beam strengthened with the random-
chopped FRP consisting various lengths and volume fractions of fi-
bers are presented in Fig. 9. In particular, the load–displacement
curves of control beams in Fig. 9(a) show a discontinuous behavior
since cracks on a soffit of the specimens occurred at an early load-
ing stage. In addition, the load–displacement curves of the S-30L-
10V (2) and S-30L-25V (3) specimens exhibit an abrupt drop near
a displacement of 2 mm, which is caused by an initial cracking of
concrete beams [42]. With an increasing load, S-30L-10V (2) spec-
imen finally failed due to a rupture of the random-chopped FRP
composite, while S-30L-25V (3) specimen reached to rupture fail-
ure along with interfacial debonding of the composite in the post-
cracking range [42,43].

It should be noted that the same damage parameters previously
used (S0 = 250 MPa, M = 0.5) were utilized again in this comparison
to verify the model. It is clearly shown in Fig. 9 that the random-
chopped FRP confinement serves to improve the load carrying
capacity of the RC beam. Moreover, the instances of good agree-
ment between the present predictions and various results from
the experimental data show the predictive capability of the pro-
posed framework for the random-chopped FRP composites.
5. Concluding remarks

The experimental and theoretical investigations on the random-
chopped FRP composites containing high volume fraction of air
voids have been presented in this paper. A series of tensile and
four-point bending tests were carried out in accordance with re-
lated standards, and the experimental results were used for com-
parisons with the predictions according to the micromechanics
and FE methodology for the composites. The following conclusions
can be drawn concerning the present study:
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(1) The air void affects the overall behavior of the random-
chopped FRP composites, indicating that a higher volume
fraction of voids leads to a lower effective stiffness of the
composites.

(2) The volume fraction of voids in the FRP composites manu-
factured by the spray lay-up process was generally mea-
sured as 10–11%.

(3) The aspect ratio and volume fraction of the fibers has a sig-
nificantly effect on the composites: the large aspect ratio
and the high volume fraction of the chopped fibers result
in stiffer composite materials, giving a higher stress/strain
ratio.

(4) The damage parameters in the proposed model are esti-
mated by comparing predicted uniaxial tensile responses
and experimental results as S0 = 250 MPa and M = 0.5.

(5) RC beams retrofitted with the random-chopped FRP com-
posites have higher load carrying capacity than neat RC
beams, verifying that the composite coating can be used as
a strengthening method for existing structures.

The proposed framework is versatile and could be applied to
various composite materials. In the future, the predictions will be
further compared with additional experiments under different
loading tests and boundary conditions. Additional physical charac-
teristics such as thermal properties [44], crack evolutions [45], and
viscoelastic behaviors [46] should be taken into account for more
realistically predictions of the thermal stability and the strain-rate
dependent behavior of the composites.
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Appendix A

Parameters vð1ÞIK and vð2ÞIJ in Eq. (4)

vð1ÞIK ¼ wð1ÞIK þ wð3ÞIK þ wð5ÞIK þ wð7ÞIK þ wð9Þ;

vð2ÞIJ ¼
1
2

wð2ÞIJ þ wð4ÞIJ þ wð6ÞIJ þ wð8ÞIJ þ wð10Þ
ðA:1Þ

where the components wð2q�1Þ
IK and wð2qÞ

IJ are given in [27], and the
parameters w(9) and w(10) can be expressed as

wð9Þ ¼ /5 2gð10Þ þxð9Þ þ gð9Þf3xð9Þ þ 2xð10Þg
� �

; wð9Þ ¼ 2/5gð10Þxð10Þ

ðA:2Þ

with

xð9Þ ¼ nð9Þ

ð2nð10Þ � 1Þð3nð9Þ þ 2nð10Þ � 1Þ
; xð10Þ ¼ 1

2� 4nð10Þ ðA:3Þ

in which

nð9Þ ¼ � 5gð9Þð1þ v0Þ þ 2gð10Þð5v0 � 1Þ/5

15ðv0 � 1Þ

	 

; nð10Þ ¼ 2gð10Þð5v0 � 1Þ/5

15ðv0 � 1Þ
ðA:4Þ

in which

gð9Þ ¼ 1
4

3þ 1
2v0 � 1

þ 8
5v0 � 7

	 

; gð10Þ ¼ 3

7� 5v0
� 3

2
ðA:5Þ

where v0 is the Poisson’s ratio of the matrix.
Appendix B

Parameters bC ð1ÞIK and bC ð1ÞIJ in Eq. (6)

bC ð1Þ11 ¼ bC ð1Þ12 ¼ bC ð1Þ21 ¼ bC ð1Þ22 ¼ 1
8

Cð1Þ11 þ3Cð1Þ12 þ3Cð1Þ21 þCð1Þ22

þ2Cð2Þ11 �4Cð2Þ12 þ2Cð2Þ22

" #
bC ð1Þ13 ¼ bC ð1Þ23 ¼ 1

2 Cð1Þ12 þCð1Þ22 �
h i

; bC ð1Þ31 ¼ bC ð1Þ32 ¼ 1
2 Cð1Þ21 þCð1Þ22

h i
; bC ð1Þ33 ¼Cð1Þ33

bC ð2Þ11 ¼ bC ð2Þ12 ¼ bC ð2Þ21 ¼ bC ð2Þ22 ¼ 1
8

Cð1Þ11 �Cð1Þ12 �Cð1Þ21 þCð1Þ22

þ2Cð2Þ11 þ4Cð2Þ12 þ2Cð2Þ22

" #
bC ð2Þ13 ¼ bC ð2Þ31 ¼ bC ð2Þ23 ¼ bC ð2Þ32 ¼ 1

2 ½C
ð2Þ
12 þCð2Þ22 �; bC ð2Þ33 ¼Cð2Þ33

ðB:1Þ

where the components Cð1ÞIK and Cð2ÞIJ are given in Eq. (4).
Appendix C

Parameters bU ð1ÞIK and bU ð1ÞIJ in Eq. (9)

bU ð1Þ11 ¼ bU ð1Þ12 ¼ bU ð1Þ21 ¼ bU ð1Þ22 ¼ 1
8

Uð1Þ11 þ3Uð1Þ12 þ3Uð1Þ21 þUð1Þ22

þ2Uð2Þ11 �4Uð2Þ12 þ2Uð2Þ22

" #
bU ð1Þ13 ¼ bU ð1Þ23 ¼ 1

2 Uð1Þ12 þUð1Þ22

h i
; bU ð1Þ31 ¼ bU ð1Þ32 ¼ 1

2 Uð1Þ21 þUð1Þ22

h i
; bU ð1Þ33 ¼Uð1Þ33

bU ð2Þ11 ¼ bU ð2Þ12 ¼ bU ð2Þ21 ¼ bU ð2Þ22 ¼ 1
8

Uð1Þ11 �Uð1Þ12 �Uð1Þ21 þUð1Þ22

þ2Uð2Þ11 þ4Uð2Þ12 þ2Uð2Þ22

" #
bU ð2Þ13 ¼ bU ð2Þ31 ¼ bU ð2Þ23 ¼ bU ð2Þ32 ¼ 1

2 ½U
ð2Þ
12 þUð2Þ22 �; bU ð2Þ33 ¼Uð2Þ33

ðC:1Þ

where the second-rank tensors Uð1ÞIK and Uð2ÞIJ are listed in [29].
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